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Abstract. Generalized deformed gauge groups are used for investigation of sym-
metry of general relativity (GR). GR is formulated in generalized reference frames,
which are represented by affine frames. The general principle of relativity is ex-
tended to the requirement of invariance of the theory with respect to the groupGLg
of local linear transformations of affine frames. GR is interpreted as the gauge the-
ory of the gauge group of translations T gM . The groups GL
g and T gM are united
into the group SgM , which is their semidirect product and is the complete symmetry
group of GR. By GLg-gauge fixing one can obtain: Einstein gravity, GR in an or-
thogonal frame or teleparallel equivalent of GR, dilaton gravity, unimodular gravity,
etc.
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1. Introduction
There are large number theories of gravity locally equivalent to the general relativ-
ity. These theories differ in number of field variables and the more or less broad
groups of gauge symmetries [7]. A broader group of gauge symmetry gives more
opportunities to choose physically acceptable global solutions, for example devoid
of singularities.
General relativity falls out of the general scheme of theories of gauge interactions
[2]. Discussions about the gauge group that should form the basis of the gauge
theory of gravity, as well as the geometric structure that should be consistent with
it, continue today [6], [16]. One might even find an assertion that general relativity
is not a gauge theory and does not have a gauge group because any theory can
be written in a covariant form, and so diffeomorphisms are empty of dynamical
meaning [1].
The main reason for the difficulty of interpreting gravity as a gauge interaction is
that the gauge groups of internal symmetry do not act on the space-time manifold,
but for gauge gravity this restriction is obviously meaningless because a gravi-
tational field is born by an energy-momentum which associated with space-time
translations.
A generalization of gauge groups for the case of their non-trivial action on the
space-time continuum was proposed in [18]. Gauge fields, corresponding to an
internal or external (space-time) symmetry, both acquire single interpretation as
deformation parameters of suitable generalized deformed gauge groups. The most
simple and transparent introduction to this subject is given in [19]. The dynamic
and geometric meaning of the deformed group of diffeomorphisms with all com-
pleteness and mathematical rigor are discussed in [20] and [23].
It should be noted here that group-theoretical description of gauge fields is more
fundamental then geometrical description because according to Klein’s Erlangen
Program geometrical structures are defined by the groups, which acts on manifolds.
Thus, the use of a powerful apparatus of the theory of deformed gauge groups has
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helped to solve certain long-standing problems that relate to the foundations of
geometry [23].
In this work we use generalized deformed gauge groups for investigation of sym-
metry of general relativity. By the general relativity (GR) we understand the theory
of gravity in the (pseudo)Riemannian space-time with the Hilbert’s Lagrangian.
However, we shall not restrict ourselves to holonomic reference frames associated
with certain coordinate systems as in Einstein gravity (we shall call such coordi-
nates Lagrangian coordinates), and we shall consider a theory of gravity in general
anholonomic reference frames (affine frames or affine tetrads).
Transitions between affine frames form the gauge group of linear transformations
GLg. The general relativity in an affine frame (GRAF) is invariant under these
GLg-transformations. Transitions between holonomic reference frames (or be-
tween corresponding Lagrangian coordinates) form the group Hg that is isomor-
phic to the group of space-time diffeomorphisms and is a special subgroup of the
group GLg. In this sense GRAF is based on the more wide principle of relativity
than the Einstein gravity (EG) [21].
On the space-time manifoldM one can define Eulerian coordinates for numeration
of its points. The group T gM of gauge translations onM is the group of diffeomor-
phisms of Eulerian coordinates in the additive parameterization [20]. GRAF is
formulated as a gauge theory of translations and so is T gM - invariant.
Note that Eulerian coordinates have a different physical meaning unlike Lagrangian
ones. If Eulerian coordinates numerate points on the space-time manifold, then La-
grangian ones define the holonomic reference frames. So T gM -transformations and
Hg-transformations have a different physical meaning of gauge translations and
changes of holonomic reference frames respectively. The identification of these
transformations leads to known difficulties in determining the energy-momentum
tensor in EG. On the other hand, separation of gauge translations and changes
of reference frames (which takes place in GRAF) permit to define the energy-
momentum of gravitational field as a T gM -tensor [12], [5]. When changing the ref-
erence frame (under the GLg-transformations or Hg-transformations in the holo-
nomic case), the energy-momentum varies according to the non-tensor law, as it
should be [11]. It should be noted that the terms "Lagrangian and Eulerian co-
ordinates" in the space-time continuum are similar (but not identical) to the cor-
responding concepts in the classical continuum mechanics. The analogy is that
at translations the values of Eulerian coordinates change, and the values of La-
grangian coordinates does not.
The gauge group of linear transformations GLg of affine frames and the gener-
alized gauge group of translations T gM are united to the generalized gauge group
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SgM = GL
g ×|T gM that is their semidirect product. The group S
g
M is the group of
symmetry of GRAF that defines a structure of GRAF.
In this article, first of all, in Section 2, we prove the fact that the currents which are
conserved as a result of any generalized gauge symmetries GgM are quasilocal that
means they have superpotentials. Moreover, we show that equations for the gauge
fields in the gauge theories of generalized gauge groups GgM are equivalent to the
expressions of currents (which are conserved as result of GgM -symmetries) by the
superpotentials.
Then, in Section 3, we describe GRAF: field variables, the Lagrangian, field equa-
tions. It is shown, that Palatini equation (equality to zero of variational derivatives
of Lagrangian with respect to connection coefficients) is equivalent to metricity
and non-torsionity conditions and performed in (pseudo)Riemannian space-time
automatically. It is also shown that the equation of gravitational field in GRAF is
the Einstein equation in an affine frame.
In Section 4 we study consequences of SgM -invariance of GRAF. This is the cen-
tral part of the work. Here we show that the Palatini equation is a strong Noether
identity which follows from the GLg-invariance of GRAF. Then we find a tensor
density of energy-momentum of gravitational field in GRAF and its superpoten-
tial. Noether identities which follow from the gauge translational invariance (T gM -
invariance) of GRAF are written down. Equations of gravity written down in the
form that is similar to the electromagnetic ones (as Maxwell equations). It is also
shown that the complete symmetry group of GRAF SgM = GL
g ×|T gM has many
deformed forms that lead to a lot of expressions for energy-momentum tensors
of gravitational field. Among these forms is one highlighted, so called group of
parallel transports in the Riemannian space [23], that corresponds to the case of
reconciling the geometric structure given by the action of the group with the geo-
metric structure of the Riemannian space. The energy-momentum of gravitational
field in this case is localizable.
In section 5 we show that by limiting admissible reference frames (by GLg-gauge
fixing) from GRAF, in addition to EG, one can obtain other local equivalent for-
mulations of GR: general relativity in an orthonormal frame (GROF) [5], [17] or
teleparallel equivalent of general relativity (TEGR) [12], [1], [11], dilaton gravity
(DG) [4], unimodular gravity (UG) [27], etc.
2. Quasilocality of Gauge Charges
In this section it is proved that quantities which are conserved as a result of gauge
symmetries are quasilocal [22]. Quasilocality of the quantity Q means, that the
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current Jµ, that relate to the quantity Q =
∫
J0dV , has the form Jµ = ∂σS
σµ,
where Sσµ = −Sµσ is its superpotential [26]. Here xµ are the Eulerian coordinates
on the space-time manifold M , for which we will use the Greek indices of the
middle of the alphabet. Our proof is based on the generalized Noether theorem,
which generalizes the former Noether theorem [14] for the case of existence of a
surface part of the Lagrangian.
Let the system of fields qi(x) (with indices of the middle of the Latin alphabet) be
given on the space-time manifoldM . Let the action be given: S =
∫
Λ dx, where
dx is an element of coordinate volume inM , with the Lagrangian
Λ = L+ ∂σV
σ (1)
which consists of the volume L and the surface ∂σV
σ parts (∂σ := ∂/∂x
σ), and
L and V σ depend on the fields q and their partial derivatives ∂q. Therefore, the
complete Lagrangian is linearly dependent also on the second derivatives of the
fields ∂2q, which fold in ∂σV
σ. The surface part ∂σV
σ does not affect the equa-
tions of motion determined solely by the bulk Lagrangian L. The surface part
characterizes the boundary-value problem as well as the symmetry defined by the
boundary-value problem.
At the transformations
x′µ = xµ + δxµ, q′i(x) = qi(x) + δqi
the action is transformed: δ¯S =
∫
δ′Λdx, where δ′Λ := Λ′(x′)J − Λ(x) is the in-
tegral variation of the Lagrangian Λ, J := |∂ρx
′σ|. Here Λ′(x′) is the Lagrangian,
calculated with q′i(x′). According to (1) we obtain
δ′Λ = δ′L+ ∂σδ
′V σ (2)
where
δ′V σ := ∂ρ′x
σV ′
ρ′
(x′)J − V σ(x). (3)
Here we have taken into account that ∂σ(∂ρ′x
σJ) ≡ 0, where ∂ρ′ := ∂/∂x
′ρ
′
. We
obtain
δ′L = ∇qiLδq
i + ∂σ(P
σ
i δq
i + Lδxσ)
where
∇qiL := Qi − ∂σP
σ
i (4)
is the variational derivatives of the volume Lagrangian, Qi := ∂qiL, P
σ
i :=
∂∂σqiL, where ∂qi := ∂/∂q
i, ∂∂νqi := ∂/∂∂νq
i. Thus, taking into account (2),
we obtain
δ′Λ = ∇qiLδq
i + ∂σ(P
σ
i δq
i + Lδxσ + δ′V σ). (5)
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Let be given generalized gauge group GgM [18], that is parameterized by the func-
tions ga(x) (here we will use indexes from the beginning of the Latin alphabet)
and its infinitesimal transformations δg are defined
δgx
µ = hµag
a, δgq
i = aiag
a + biµa∂µg
a, δ′gV
σ = cσag
a + dµσa ∂µg
a (6)
where aia, b
iµ
a , cσa , d
µσ
a and h
µ
a are the functions, that depend on x explicitly or
implicitly via the fields q and their derivatives. Formulas (6) define the group GgM
as the transformations group. We will omit the display of dependence on x of
the fields qi and the parameters ga of the group GgM , where this does not lead to
confusion.
Substitution of expressions (6) in (5) allows us to express the integral variation of
the total Lagrangian through the parameters of the group GgM and their derivatives
δ′gΛ = ∇qiL (a
i
ag
a + biµa∂µg
a)− ∂σ(J
σ
a g
a + Sµσa ∂µg
a) (7)
where the definition is entered
Jσa := −P
σ
i a
i
a − Lh
σ
a − c
σ
a , S
µσ
a := −P
σ
i b
iµ
a − d
µσ
a (8)
for the generalized Noether current Jσa and its superpotential S
µσ
a .
In the case of invariance of the action S with respect to the transformations of the
group GgM , we have δ¯gS = 0 and hence δ
′
gΛ = 0. Since the parameters of the
group GgM and their derivatives are independent functions, equating of coefficients
at them in expression (7) to zero allows us to find the following generalized strong
(performed everywhere, not only on shell) Noether identities
∇qiLa
i
a = ∂σJ
σ
a , ∇qiL b
iµ
a = J
µ
a + ∂σS
µσ
a , S
µν
a = −S
νµ
a . (9)
Using expression (4) for the variational derivatives, second identity (9) can be rep-
resented as
Jµa = Qib
iµ
a + P
σ
i ∂σb
iµ
a + ∂σd
µσ
a (10)
which often makes it easier to find the current Jµa , especially in the case of b
iµ
a =
const and dµσa = const, thus J
µ
a = Qib
iµ
a .
On shell second identity (9) gives
Jµa = −∂σS
µσ
a
so current Jµa is quasilocal and S
µσ
a is its superpotential.
In gauge theories part of fields qi are the gauge fields Aaµ, for them b
νb
aµ ∼ δ
b
aδ
ν
µ and
others coefficients biµa equal to zero. In this case J
µ
a ∼ ∂AaµL. Moreover, second
identity (9) gives
∇AaµL ∼ J
µ
a + ∂σS
µσ
a
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so equation of motion for gauge fields ∇AaµL = 0 is reduced to an expression of
the current by the superpotential: Jµa = −∂σS
µσ
a . From this formula, taking into
account the antisymmetry of the superpotential by the upper indices (9), immedi-
ately follows the weak Noether identity ∂σJ
σ
a = 0. That is the conservation law of
the current that follows also from first identity (9) on shell.
On the infinitesimal level deformations of the group GgM → G
gH
M are reduced to
gauge linear transformations of parameters ga = Haαg
α with |Haα| 6= 0 [18]. Under
deformations currents and superpotentials change according to the formulas
Jµα = H
a
αJ
µ
a + ∂σH
a
αS
σµ
a , S
µν
α = H
a
αS
µν
a . (11)
Thus deformations lead to redistributions between Jµa and ∂σS
µσ
a in the expression
Jµa + ∂σS
µσ
a .
3. General Relativity in an Affine Frame
In this section we generalize the general principle of relativity to use anholonomic
reference frames (affine frames). Here we describe general relativity in an affine
frame (GRAF): main field variables of the theory, Lagrangian and field equations
[21].
3.1. Field variables and Lagrangian of GRAF
Suppose that in the space-time M an affine frame is given hm = h
µ
m∂µ, which
vectors are numbered in Latin letters from the middle of the alphabet. Suppose
also that space-time is (pseudo) Riemannian, and therefore a scalar product is given
hm ·hn = gmn. Replacement of coordinate indices to frame indices and vice versa
will be performed using matrices hµm and inverse ones hmµ , in particular gµν =
hmµ h
n
νgmn. We will also assume that in M is given an affine connection with
connection 1-form γmn = γ
m
µn dx
µ, where γmµn is the connection coefficients in
the affine frame hm. Anholonomic coefficients F
k
mn of the reference fields hm
are defined by the expression
[hm, hn] = F
k
mn hk
where square brackets denote the commutator of the vector fields. The group-
theoretic meaning of the affine frame as a set of generators of a deformed group of
diffeomorphisms, and of the anholonomic coefficients as its structural functions,
similar to the structural constants of the Lie group, is important [18].
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The condition of absence of torsion (non-torsionity condition) is
F kmn = γ
k
mn − γ
k
nm (12)
and the metricity condition is
∂kgmn = γ
·
mkn + γ
·
nkm (13)
where ∂kgmn := h
µ
k∂µgmn. Under the conditions (12), (13), the connection coef-
ficients are decomposed into the sum γ·mkn = ω
·
mkn + σ
·
mkn, where
ω·mkn =
1
2 (F
·
kmn+F
·
mkn−F
·
nkm), σ
·
mkn =
1
2(∂ngmk+∂kgmn−∂mgkn) (14)
with symmetry properties ω·mkn = −ω
·
nkm, σ
·
mnk = σ
·
mkn. The point indicates
from where the index was lowered (or upped).
The main field variables in GRAF are the transition coefficients hmµ between affine
and coordinate frames, the metric gmn and the connection coefficients γ
m
µn in
the affine frame (frame-metric-affine gravity theory: generalized Einstein-Palatini
model). This choice of field variables dictates the breakup of the Hilbert’s La-
grangian
Λ = − 12κeR (15)
to a bulk part Lγ (the truncated Hilbert’s Lagrangian) that does not depend on the
derivatives of the connection coefficients γmµn, and a surface part having the form
of divergence ∂σV
σ
γ into which derivatives of γ
m
µn are folded
Λ = Lγ + ∂σV
σ
γ (16)
where κ is the Einstein gravitational constant (which we will hereafter assume
equal to 1), e :=
√
|gµν |, and R is the scalar curvature of the space-time M .
Indeed, since
1
2eR = Σ
nµν
m (∂µ γ
m
ν n + γ
m
µs γ
s
ν n) (17)
where Σ nµνm :=
1
2eδ
µν
msgsn, δ
µν
mn := h
µ
m hνn − h
µ
n hνm, throwing in the first term of
formula (17) the derivative to the first factor and changing the sign, we obtain
Λ = ∂µΣ
nµν
m γmν n − Σ
nµν
m γmµs γ
s
ν n − ∂µ(Σ
nµν
m γmν n).
So
Lγ = ∂µΣ
nµν
m γ
m
ν n −Hγ , Hγ := Σ
nµν
m γ
m
µs γ
s
ν n
(18)
V σγ = Σ
nνσ
m γ
m
ν n = e γ
[nσ]
n · .
Square brackets here mean antisymmetrization by the indexes contained therein.
All addends of the partition (16), like Hilbert’s own Lagrangian (15), are scalar
densities with respect to changing of coordinates xµ. A general-covariant method
of separating a surface term from the Hilbert’s Lagrangian is possible due to the
use of frames fields that do not change when changing coordinates.
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3.2. Palatini equation
In this subsection we show that the Palatini equation obtained by variation of
Hilbert’s Lagrangian with respect to coefficients of affine connection in the affine
frame is the identity due to the metricity and non-torsionity conditions.
The integral variation of Lagrangian Lγ is determined by the expression
δ′Lγ = ∂γmνnLγ δγ
m
νn +∇hnνLγ δh
n
ν +∇gmnLγ δgmn
(19)
+ ∂µ(δΣ
nµν
m γ
m
ν n + Lγδx
µ).
Let us Consider the terms in formula (19). The derivatives of the Lagrangian Lγ
with respect to γmνn are
∂γmνnLγ = ∂σΣ
nσν
m −M
nν
m
where
M nνm := ∂γmνnHγ = Σ
sνσ
m γ
n
σ s − Σ
nνσ
s γ
s
σm.
Equating these derivatives to zero, we obtain equation which we will call the Pala-
tini equation in the affine frame
∂σΣ
nσν
m −M
nν
m = 0. (20)
With metricity condition (13), Palatini equation (20) goes into the non-torsionity
condition (12) and vice versa. Therefore, when these two conditions are fulfilled
simultaneously, Palatini equation is fulfilled as identity.
Indeed, a direct calculation gives
∂σΣ
nσν
m =
1
2e [F
ν
m s − δ
νσ
ms(Rσ + Sσ) + δ
νσ
mkg
kp∂σgps] g
sn
(21)
M nνm = −
1
2e (γ
· ν
sm · + γ
ν
sm − h
ν
m γ
· p
sp · − h
ν
s R˜m)g
sn
whereRm := F
s
sm, Sm :=
1
2g
ps∂mgps, R˜m := γ
s
sm, so the Palatini equation (20)
is reduced to the equation
F νmn + γ
· ν
nm · + γ
ν
nm − h
ν
sg
sp∂mgpn + h
ν
n(Rm + Sm − R˜m)
(22)
− hνm(Rn + Sn − g
sp∂sgpn + γ
· p
np · ) = 0.
Due to the metricity condition (13), we have R˜n = g
sp∂sgpn − γ
· p
np · , S˜m = Sm,
where S˜m := γ
s
ms, and equation (22) is reduced to the equation
F νmn = γ
ν
mn − γ
ν
nm + δ
ν s
mn(Rs + Ss − R˜s).
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Summing up this equation by ν andm (with help of hmν ) we obtain (d− 2)(Rn +
Sn− R˜n) = 0, where d is the dimension of space-timeM . Therefore, when d 6= 2
equation (22) is reduced to the non-torsionity condition (12).
Now let the initial assumption be the non-torsionity condition (12), from which
follows Rs = R˜s − S˜s. In this case, equation (22) is reduced to the equation
∂mgkn = γ
·
kmn + γ
·
nmk + gkn(Sm − S˜m)
− gkm(R˜n + Sn − S˜n − g
sp∂sgpn + γ
· p
np ·).
Summing up this equation by k andm (with help of gkm) we obtain
(1− d) (R˜n + Sn − S˜n − g
sp∂sgpn + γ
· p
np · ) = 0
so (for d 6= 1) previous equation is reduced to the equation
∂mgkn = γ
·
kmn + γ
·
nmk + gkn(Sm − S˜m).
And at last, summing up this equation by k and n (with help of gkn) we obtain
(d − 2)(Sm − S˜m) = 0, so for d > 2 this equation is reduced to the metricity
condition (13).
Thus, due to the Palatini equation in the affine frame (20), the metricity condition
(13) and the non-torsionity condition (12) follow one from the other.
In what follows, we assume fulfilling conditions (12) and (13) (which always take
place in the Riemannian space), and hence the Palatini equation (20).
3.3. Field equations
In this subsection we show that the field equation in GRAF is the Einstein equation
in an affine frame.
Both variational derivatives in formula (19) are expressed by the symmetric Ein-
stein tensor in our case (under the conditions (12) and (13))Gmn = Rmn−
1
2gmnR
∇hnνLγ = eG
ν
n, ∇gmnLγ =
1
2eG
mn
so hmν ∇hnνLγ = 2gns∇gmsLγ . This indicates that the number of fields h
m
µ and
gmn is redundant to find the equation of motion of the gravitational field in GRAF.
For example, we can choose hmµ as basic field variables and consider gmn as
parameters. In particular, gmn may be a metric ηmn of a flat space-time cor-
responding to the choice of orthonormal frame fields, or a metric of any other
(pseudo)Riemannian space-time, such as AdS space-time. The space-time with
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the metric gmn can be considered as a vacuum, in which gravitational phenom-
ena are described by the potentials hmµ . In the group-theoretical interpretation of
gravitational field as a gauge field [18], the gravitational field acts as a further de-
formation of the background (vacuum) space-time.
All addends with variational derivatives in formula (19) are reduced to one
eGνnδh
n
ν +
1
2eG
mn δgmn =
1
2eG
µν δgµν . (23)
Since Σ nµνm depends only on the fields hsσ and gps and not on their derivatives, we
have
δΣ nµνm = ∂hsσΣ
nµν
m δhsσ + ∂gpsΣ
nµν
m δgps.
Directly from the definition of Σ nµνm we find
∂hsσΣ
nµν
m = h
σ
sΣ
nµν
m + h
µ
sΣ
nνσ
m + h
ν
sΣ
nσµ
m
(24)
∂gpsΣ
nµν
m = −g
n{pΣ s}µνm +
1
2g
psΣ nµνm .
Braces here mean symmetrization by the indexes contained therein. So
δΣ nµνm γmν n = B
σµ
s δhsσ +
1
2D
psµδgps,
where
Bσµs : = ∂∂µhsσLγ = ∂hsσΣ
nµν
m γ
m
ν n
(25)
1
2D
psµ : = ∂∂µgpsLγ = ∂gpsΣ
nµν
m γ
m
ν n
- generalized momentums of fields hsσ and gps respectively. Using (24) we obtain
Bσµs = eγ
[σ µ]
s . − h
σ
s V
µ
γ + h
µ
s V
σ
γ
(26)
Dpsµ = −eγ
µ{ps}
· · + e γ
n {p
n · g
s}µ − gpsV µγ .
Formula (19), taking into account (20), (23) and (25), takes the form
δ′Lγ =
1
2 eG
µνδgµν + ∂µ(B
σµ
s δh
s
σ +
1
2D
psµδgps + Lγδx
µ). (27)
It is interesting to note that generalized momentums can be found solely from the
vector density V µγ , which determines the surface part of Hilbert’s Lagrangian
Bσµs = −∂hsσV
µ
γ ,
1
2D
psµ = −∂gpsV
µ
γ .
We will note the formula
M nσm = D
· nσ
m −B
nσ
m
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which is proved with the help of formulas (21), (26) by the direct substitution.
From the Palatine equation (20) follows M nνm γ
m
ν n = ∂µΣ
nµν
m γmν n = 2Hγ , so,
provided that it is satisfied
Lγ = Hγ = Σ
nµν
m γ
m
µs γ
s
ν n. (28)
In a coordinate frame, when γsµ n is converted to Christoffel symbols Γ
σ
µ ν , the
Lagrangian Lγ coincides with the truncated Hilbert’s Lagrangian LΓ [10]. In an
orthonormal frame, when γmµn goes into the Ricci rotational coefficients Ω
m
µn, the
Lagrangian Lγ is the same as Lagrangian LΩ that was suggested in [5], [3] (this
Lagrangian is used in the teleparallel equivalent of general relativity (TEGR), too
[11]). In the general case of an affine frame, when applying formula (28) to the
Lagrangian Lγ , conditions (12) and (13) must be taken into account. Therefore,
the connection coefficients will no longer be arbitrary in this case, and formulas
(14) for their constituents must be applied when they are varied.
4. Consequences of Gauge Invariance of GRAF
Hilbert’s Lagrangian Λ exhibits uniquely wide gauge symmetry. First of all, Λ
is invariant with respect to GLg-transformations of the affine frame fields, which
corresponds to the transition between general reference frames. In addition, Λ
is invariant with respect to the gauge translations of the space-time, that is, T gM -
transformations. Both these groups combine into a semidirect product SgM =
GLg ×|T gM , forming a complete symmetry group of GRAF. This symmetry of
GRAF is a consequence of the fact that when transforming frame fields
h′m′(x
′) = L nm′ (x)hn(x), x
′µ = xµ + tµ(x) (29)
which are parameterized by the functions ga(x) = (L nm′ (x), t
µ(x)) ∈ SgM , the
scalar curvature remains unchanged R′(x′) = R(x), and hence δ′gΛ = Λ
′(x′)J −
Λ(x) = 0. As a result, the equations, which are obtained from the LagrangianLγ ,
are SgM -invariant.
Transformations (29) uniquely determine the way in which the semidirect product
of the groups GLg and T gM is formed, defining action φtµ(x)L
n
m′ (x) = L
n
m′ (x +
t(x)). The transformations from the group SgM for the field variables of GRAF are
h′
m′
µ (x
′) = Lm
′
k (x)h
k
ν(x)∂
′
µx
ν , g′m′n′(x
′) = L km′(x)L
l
n′ (x)gkl(x)
(30)
γ′
m′
µn′(x
′) = [Lm
′
k (x)L
l
n′ (x)γ
k
νl(x) + L
m′
k (x)∂νL
k
n′ (x)]∂
′
µx
ν
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where Lm
′
k and L
k
n′ are mutually inverse matrices L
m′
kL
k
n′ = δ
m′
n′ which are dis-
tinguished from each other by the order of indexes.
Note that transformations from SgM are considered here from an active point of
view, that is, as real local linear transformations of tangent spaces TMx (rather
than their reparameterization) and real displacements of points in the space-time
manifoldM in fixed coordinates (rather than changing coordinates).
4.1. Generalized principle of relativity
In this subsection we study the consequences of GLg-invariance of GRAF. Here
we show that the Palatini equation is the strong Noether identity which follows
from GLg-invariance of GRAF.
A distinctive feature of GRAF is the interpretation of reference frames as anholo-
nomic in the general case affine frame fields (generalized reference frames), which
is broader than in the EG. This extension of the concept of reference frames in
GRAF leads to the extension of the general principle of relativity, which in the
framework of GRAF is interpreted as the invariance of gravitational field equations
with respect to the transitions between the generalized reference frames, which
form the group GLg of local linear transformations of affine frame fields. The
group GLg is broader than the group Hg of diffeomorphisms of Lagrangian coor-
dinates describing transitions between holonomic frame fields accepted in the EG
as reference frames, or than the groupOg of local Lorentz transformations describ-
ing transitions between orthonormal frame fields accepted as reference frames in
GROF. Both of these groups are subgroups of the group GLg, so the symmetry of
GRAF is wider than the symmetry of EG or GROF.
The generalized principle of (general) relativity states that the gravitational field
equations must have the same appearance in all generalized reference frames
(affine frames), that is, be GLg-invariant.
Consider the GLg-transformations Lmk ≈ δ
m
k + l
m
k with infinitesimal parameters
lmk. In this case formulas (30) take the form
δlh
m
µ = l
m
kh
k
µ, δlgmn = −l
k
m gkn − l
k
ngmk
(31)
δlγ
m
µn = l
m
kγ
k
µn − l
k
nγ
m
µk − ∂µl
m
n.
From these formulas, taking into account (3) and (18), it follows
δlV
σ
γ = −Σ
nνσ
m ∂ν l
m
n. (32)
Here δl is the variation of the shape of fields at infinitesimal GL
g-transformations,
and, due to δlx
µ = 0, δ′l = δl.
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The transformations (6) for ga ∼ lmn take the form
δlh
m
µ = a
mk
µn l
n
k, δlgmn = a
k
mnp l
p
k, δlV
σ = d nνσm ∂ν l
m
n
where in our case of transformations (31), (32)
amkµn = δ
m
n h
k
µ, a
k
mnp = −gpm δ
k
n − gpn δ
k
m, d
nνσ
m = −Σ
nνσ
m (33)
and all the relevant coefficients biµa = 0 and cσa = 0.
From the definitions (8), taking into account (25), subsequent expressions for the
Noether currents and their superpotentials related to GLg-transformations follow
J nµm = −B
σµ
s as nσm −
1
2D
psµa npsm , S
nµν
m = −d
nµν
m
which with the help of (33) are specified as follows
J nµm = D
· nµ
m −B
nµ
m = M
nµ
m , S
nµν
m = Σ
nµν
m . (34)
The partition (16) of the Hilbert’s Lagrangian Λ into the volume Lγ and the surface
∂σV
σ
γ parts is not GL
g-invariant and when changing a general reference frame
between them there is redistribution with conservation
δ′lΛ = δ
′
lLγ + ∂σδ
′
lV
σ
γ = 0. (35)
Since for GLg-transformations δlx
µ = 0 and δlgµν = 0, from (27), taking into
account the expressions (31), it follows: δlLγ = −∂σ(M
nσ
m l
m
n), which together
with (32) and (35), gives the GLg-invariance condition of the Hilbert’s Lagrangian
in (pseudo)Riemannian space
δlΛ = ∂σ(Σ
nνσ
m δlγ
m
νn) = −∂σ(M
nσ
m l
m
n +Σ
nνσ
m ∂ν l
m
n) = 0. (36)
It is interesting to note that due to the fact that δlgµν = 0, in expression (36) there
are no variational derivatives, so all the identities obtained from (36) are strong
∂σM
nσ
m = 0, ∂σΣ
nνσ
m +M
nν
m = 0, Σ
nνσ
m = −Σ
nσν
m . (37)
The second identity (37) coincides with the Palatini equation (20), which, as we
can see, is a consequence of GLg-invariance of the theory and is an expression of
the corresponding Noether current through the superpotential.
Condition (36) of GLg-invariance of GRAF for contravariant parameters lmn· of
group GLg takes the form
δlΛ = −∂σ(N
σ
mn l
mn
· +Σ
· νσ
mn ∂ν l
mn
· ) = 0 (38)
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whereN σmn := M
·σ
mn +Σ
sνσ
m ∂νgsn. So the Palatini equation can be represented
as
∂σΣ
· νσ
mn +N
ν
mn = 0. (39)
By the metricity condition (13) we obtain
N σmn = Σ
· νσ
ms γ
s
νn − Σ
· νσ
ns γ
s
νm
henceN σmn , like Σ
· νσ
mn , are antisymmetric in the lower indices. In this case, con-
dition (38) of the GLg-invariance of GRAF includes only the antisymmetric com-
ponents ωmn := l
[mn]
· of parameters of the group GL
g. The transformations with
parameters ωmn, according to (31), do not change the metric in the affine frame
δωgmn = −ωmn − ωnm = 0, and therefore correspond to local (pseudo)rotations.
Thus, current N νmn has the physical meaning of the tensor density of the inter-
nal angular momentum (spin) of the gravitational field, and Σ · νσmn , according to
(39), has the physical meaning of its superpotential. Given also the non-torsionity
condition (12) we obtain
N σmn =
e
2(F
σ
mn − h
σ
mR˜n + h
σ
nR˜m).
Transformations with symmetric components σmn := l
{mn}
· of parameters of the
group GLg lead to deformations of the metric in the affine frame δσgmn = −2σmn
with the infinitesimal strain tensor σmn. The Noether current
J σ{mn} = M
·σ
{mn} + ∂νgs{mΣ
sνσ
n} (40)
which is connected with σmn, in the case of metricity (13) equals zero. This is
another argument in favor of the possibility of arbitrary choice of vacuum (with
metric gmn) on the basis of which gravitational phenomena are considered. This
additional possibility may be useful when looking for new solutions in gravity
theory.
4.2. Gauge translational invariance
A gravitational field is born by an energy-momentum which associated with space-
time translations. So gravity is a gauge theory of the translations group. This, re-
gardless of the particular type of Lagrangian, determines the structure of theory. In
particular, it permits to represent the gravitational field equations in superpotential
form, that is, in the form that analogous to the form of Maxwell dynamic equations.
In this subsection we study the consequences of T gM -invariance of GRAF.
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From formulas (30) follows, that T gM -transformations with infinitesimal parame-
ters δtx
µ = tµ are
δth
m
µ = −t
σ∂σh
m
µ − h
m
σ ∂µt
σ, δtgmn = −t
σ∂σgmn
(41)
δtγ
m
µn = −t
σ∂σγ
m
µn − γ
m
σn∂µt
σ.
The partition (16) of the Hilbert’s Lagrangian Λ is T gM -invariant, because δ
′
tLγ =
0 and δ′tV
σ
γ = 0. Therefore, the surface addend of the Hilbert’s Lagrangian is
not affected on the consequences of T gM -invariance of the GRAF equations. The
parameters tµ describe the infinitesimal displacements along the Eulerian coordi-
nates. They correspond to displacements tm = hmµ t
µ along the affine basis vectors
that parameterize the deformed gauge group of translations T ghM [20]. Transforma-
tions (41) in terms of parameters tm of the group T ghM take the form
δth
m
µ = −F
m
µn t
n − ∂µt
m, δtgmn = −∂sgmn t
s. (42)
Transformations (6) for ga ∼ tm give
δth
m
µ = a
m
µn t
n + bmνµn ∂νt
n, δtgmn = amnst
s.
So for T ghM - transformations (42) we obtain
amµn = −F
m
µn, amns = −∂sgmn, b
mν
µn = −δ
m
n δ
ν
µ (43)
and all other coefficients (except hµm) equal zero. From the definitions (8), taking
into account (13), (25), (43), follow the subsequent expressions for the Noether
current tµm and superpotential S
µν
m related to T
gh
M -transformations
tµm = B
σµ
s F
s
σm +D
· pµ
s γ
s
mp − Lγh
µ
m, S
µν
m = B
µν
m . (44)
Therefore, tµm determines the energy-momentum of the gravitational field in the
affine frame hm. The current t
µ
m (as well as the superpotential B
µν
m ) is a mixed
coordinate-frame tensor density with respect to the gauge translations (at which
diffeomorphisms of Eulerian coordinates occur) and global linear transformations
of the frame fields. In the case of gauge linear transformations of frame fields, the
current tµm (as well as the superpotential B
µν
m ) is transformed by the non-tensor
law [15]
t′
µ
m′ = L
m
m′ (t
µ
m − ∂σ∆B
µσ
m )− ∂σL
m
m′ (B
µσ
m +∆B
µσ
m )
(45)
B′
µσ
m′ = L
m
m′ (B
µσ
m +∆B
µσ
m )
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where ∆Bµσm := e (∆γ
[µ σ]
m . − h
µ
m∆γ
[nσ]
n · + h
σ
m∆γ
[nµ]
n · ), ∆γ
m
νn := ∂νL
m
s′ L
s′
n.
This is due to the extra energy-momentum that must be transmitted for the transi-
tion between mutually accelerated reference frames [11].
Note that to denote quantities having different tensor dimensions, one letter can be
used without danger of confusing these quantities, such as the translation param-
eters tm and the tensor density tσm of the energy-momentum of the gravitational
field.
Taking into account (27) and (42), the T ghM -invariance condition of GRAF is written
as
δ′tΛ = −eG
ν
n( γ
n
νm t
m + ∂νt
n)− ∂ν(t
ν
m t
m +Bµνm ∂µt
m) = 0 (46)
so we obtain the following strong Noether identities
− eGνn γ
n
νm = ∂νt
ν
m, −eG
µ
m = ∂νB
µν
m + t
µ
m, B
µν
m = −B
νµ
m . (47)
The second identity (47) can be represented in the form (10), which in our case
gives
tνm = −∂hmν Lγ .
In the presence of matter fields with the tensor density τµm of the energy-momentum,
when Einstein equation eGµm = τ
µ
m are fulfilled, the second identity (47) takes the
form
∂νB
µν
m = −T
µ
m (48)
where T µm = t
µ
m + τ
µ
m is the total tensor density of the energy-momentum of the
gravitational and matter fields. Conversely, from the equation (48), given second
identity (47), the Einstein equation follows. Therefore, equation (48) is the Ein-
stein equation in the affine frame, which is written in the superpotential form, that
is, in the form similar to that of Maxwell’s dynamic equations (and equations in
other gauge theories). The tensor density Bµνm , called the induction of the gravi-
tational field in the GRAF, acts as a superpotential of the total energy-momentum
T µm of the gravitational and matter fields.
Representation of the Einstein equation in the form (48), similar to the form of
field equations of any other gauge theory, is a consequence of T ghM -symmetry of
the theory of gravity. This is convincingly illustrated the fact that gravity, as an
interaction generated by energy-momentum, is the gauge theory of the translation
group, and the superpotential of the total energy-momentum T µm (induction of the
gravitational field Bµνm ) acts as the power characteristic of the gravitational field
(but not a curvature, as in EG, or a torsion, as in TEGR). Such an interpretation
opens new avenues for unification of gravity with other gauge theories by uniting
appropriate generalized deformed gauge groups [24], which may be nontrivial [25].
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From the equation (48), considering (47), the conservation law follows
∂µT
µ
m = 0. (49)
On the gravitational extremal eGµm = τ
µ
m, taking into account (49) ∂σt
σ
m = −∂στ
σ
m,
first identity (47) goes into the equation of motion of (macro)matter
∂µτ
µ
m = τ
µ
s γ
s
µm. (50)
For the dust matter τµm = eµ uµum, where µ is the density of its mass, u
µ = x˙µ.
Provided that the mass is conserved ∂µ(eµu
µ) = 0 (that is, in the absence of
reactive forces), equation (50) is the equation of geodesic u˙m + γmsnu
sun = 0 on
which the particles move.
4.3. Complete symmetry of the general relativity
Under energy-momentum we understand a Noether current which is conserved as
a result of the space-time translational invariance. But translations can simultane-
ously cause GLg-transformations of the reference frame (as in the case of EG),
which lead to the energy-momentum renormalization. This situation corresponds
to the deformation of the group SghM → S
gH
M [23]. The multiplicity of deformed
specimens of the group SgHM leads to the multiplicity of variants of Noether cur-
rents which are conserved due to translational invariance of GRAF, hence leading
to a plurality of ways of determining the energy-momentum of the gravitational
field and the corresponding superpotential. Among all deformed groups SgHM
there is one highlighted, so-called group of parallel transports DP , transforma-
tions of which are consistent with the geometric structure of a (pseudo)Riemannian
space [23]. This group corresponds to the energy-momentum tensor density, which
is characterized by its dependence of the derivatives of connection coefficients, so
the energy-momentum in this case is localizable.
In this subsection, we explore these issues.
Consider the infinitesimal variant of transformations of a complete symmetry group
SghM = GL
g ×|T ghM , considering both transformations (31) of the subgroup GL
g
and transformations (42) of the subgroup T ghM simultaneously δg = δl + δt
δgh
m
µ = l
m
kh
k
µ−F
m
µn t
n−∂µt
m, δggmn = −l
k
m gkn −l
k
ngmk−∂sgmn t
s. (51)
The SghM -invariance condition of GRAF is obtained by combining conditions (36)
and (46)
δ′gΛ =− eG
ν
n( γ
n
νm t
m + ∂νt
n)
(52)
− ∂σ(t
σ
m t
m +Bνσm ∂νt
m +M nσm l
m
n +Σ
nνσ
m ∂ν l
m
n) = 0.
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We deform the group SghM → S
gH
M , assuming that an additional linear transforma-
tion dlmn = −λ
m
sn t
s occurs at the translations, that is, introducing instead of lmn
the new parameters of infinitesimal linear transformations
rmn = l
m
n + λ
m
sn t
s (53)
with arbitrary functions λmsn. In this parameterization (that is, for the group S
gH
M ),
transformations (51) take the form
δgh
m
µ = r
m
kh
k
µ − (F
m
µn + λ
m
nµ) t
n − ∂µt
m
(54)
δggmn = −r
k
m gkn − r
k
ngmk − (∂sgmn − λ
·
msn − λ
·
nsm) t
s.
The deformation of the group SghM changes the way of forming the semidirect
product of the groups GLg and T ghM , which is determined by the transformations
(54) [23].
The SgHM -invariance condition of the GRAF can be written in the form
δ′gΛ =− eG
ν
n( γ
n
νm t
m + ∂νt
n)
− ∂σ
((
tσm + ∂ν
(
eλ
[σ ν]
m ·
))
tm +
(
Bνσm − eλ
[ν σ]
m ·
)
∂νt
m
)
(55)
+ ∂σ (M
nσ
m r
m
n +Σ
nνσ
m ∂νr
m
n) = 0
which follows from condition (52), taking into account (53) and the Palatini equa-
tion (20). Therefore, during the deformation of the group SghM , the energy- momen-
tum of the gravitational field and correspondent superpotential are renormalized
tνm → J
ν
m = t
ν
m + ∂σ
(
eλ
[ν σ]
m ·
)
, Bνσm → S
νσ
m = B
νσ
m − eλ
[ν σ]
m ·
(56)
Sνσm = eγ
[ν σ]
m · − eλ
[ν σ]
m · − h
ν
m V
σ
γ + h
σ
m V
ν
γ .
Taking into account second identity (47), we see that the deformation of the group
SghM leads to the redistribution between the divergence of superpotential and the
tensor density of the energy-momentum of the gravitational field in the Einstein
tensor
−eGµm = ∂νB
µν
m + t
µ
m = ∂νS
µν
m + J
µ
m
illustrating, in the case of the group SgHM , the general position that take place for
generalized deformed gauge groups and which was indicated by formulas (11) and
the text after them.
Special choice of λmsn allows to discover a lot of "new internal gauge symmetries"
in the theory of gravity [13]. Now let
λmsn = γ
m
sn. (57)
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In this case, given the non-torsionity (12) and metricity (13) conditions, transfor-
mations (54) are greatly simplified
δgh
m
µ = r
m
kh
k
µ −Dµt
m, δggmn = −r
k
m gkn − r
k
ngmk (58)
where Dµt
m = ∂µt
m + γmµn t
n is the covariant derivative of the vector tm. Note
that in pure translations from the group SgHM (at r
m
k = 0) the metric in the affine
frame does not change
δ tgmn = 0.
In addition, from (58) in this case we obtain
h′m(x
′) = hm(x) + t
sγnsmhn(x),
which corresponds to the definition of the affine connection by the method of Car-
tan’s moving frame. The group SgHM , provided (57), is the group DP of paral-
lel transports in the Riemannian space [23]. Transformations from the DP set
on the M the structure of the (pseudo)Riemannian space with the metric gmn in
the affine frame hm. Note that translations do not form a subgroup in DP since
[DµDµ]
m
n = R
m
nµν ∈ AlGL
g.
From (56) it follows that for DP
Jνm = t
ν
m + eDσγ
[ν σ]
m · , S
νσ
m = −h
ν
m V
σ
γ + h
σ
m V
ν
γ = −δ
ν σ
mµV
µ
γ (59)
where Dσγ
[ν σ]
m · =
1
e
∂σ
(
eγ
[ν σ]
m ·
)
is the covariant divergence of the antisymmetric
T gM -tensor γ
[ν σ]
m · . It is interesting to note that in case of group DP , superpoten-
tial Sνσm depends solely of vector density V
µ
γ , that determines the surface part of
Hilbert’s Lagrangian Λ. In addition, in expression (59) for Jνm there are deriva-
tives of γ
[ν σ]
m · , so the energy-momentum of the gravitational field in this case is
localizable.
5. Special Gauge Conditions
The broad symmetry of GRAF is provided by a sufficient number of field variables
of the theory. Limiting such symmetry by imposing gauge conditions reduces the
number of field variables. Different variants of the gauge conditions lead to differ-
ent locally equivalent formulations of the general relativity, the most characteristic
of which we consider in this section.
Keeping the status of gravity as a gauge theory of a translation group, we will
not consider the gauge conditions that violate the T gM -invariance of the theory. We
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restrict ourselves to the gauge conditions that narrow theGLg-invariance of GRAF,
which corresponds to the choice of special classes of generalized reference frames
(affine frames).
5.1. Einstein gravity
From the outset, general relativity was formulated by Einstein in holonomic refer-
ence frames, which are described by frame fields with zero anholonomic objects,
and can therefore be implemented as coordinate frame fields of certain coordinate
systems. In this case, the gauge condition that limits the GLg-invariance of the
theory is the holonomicity condition
Fmµν = ∂νh
m
µ − ∂µh
m
ν = 0 (60)
which ensures that there are functions ym(x) such that hmµ = ∂µy
m. The quantities
ym which give holonomic reference frames play the role of Lagrangian coordi-
nates, in contrast to the coordinates xµ in space-time, which numerate its points
and play the role of Eulerian coordinates. Therefore, the functions ym(x) are
scalars with respect to the transformations of the coordinates x′µ = x′µ(x), that
is, invariant under the gauge translations of the space-time x′µ = xµ + δxµ(x):
y′m(x′) = ym(x), which, in fact, allows them to be interpreted as Lagrangian co-
ordinates of the gravitational system. The vectors hm of holonomic frames are the
coordinate vectors ∂m of the coordinates y
m.
Unlike Eulerian coordinates xµ, numerating space-time points and which changes
should not alter any physical quantities, changes of Lagrangian coordinates ym al-
ter the physical reference frame and certain physical quantities may vary. Thus,
during the transition between mutually accelerated reference frames, the energy-
momentum must change. If the transformations of the world coordinates xµ corre-
spond to the gauge translations in space-time in a fixed general reference frame and
belong to the group T gM , then with the changes of the Lagrangian coordinates y
m
the translations do not occur, but transformations of holonomic reference frames
take place. Such transformations belong to another group, namely the group GLg ,
forming its subgroup Hg which is isomorphic to the group of diffeomorphisms of
space-time T gM . Despite the isomorphism of the groups H
g and T gM , they have
different physical meaning and their identification leads to known difficulties in
determining the energy-momentum of the gravitational field.
The symmetry group of EG is S¯gM = H
g ×|T gM .
Due to the condition (60), in holonomic reference frames ωmkn = 0, and connection
coefficients γmk n are reduced to Γ
m
kn = σ
m
kn, which are Christoffel symbols in
Lagrangian coordinates ym, and thus behave as scalars when transformation of
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Eulerian coordinates xµ occurs. As for an arbitrary affine frame, this fact provides
a general-covariance (gauge translational invariance) of the partition (16) of the
Hilbert’s Lagrangian into bulk and surface parts Λ = LΓ + ∂σV
σ
Γ [10], where
LΓ = Σ
nµν
m Γ
m
µs Γ
s
ν n = eΓ
[m
ms Γ
|s|n]
n · , V
σ
Γ = Σ
nνσ
m Γ
m
ν n = eΓ
[nσ]
n · (61)
(vertical bars highlight indices that are skipped during antisymmetrization).
The action associated with the volume Lagrangian LΓ can be represented as an
integral with respect to Lagrangian coordinates ym
SΓ =
∫
LΓdx =
1
2
∫
δkpmn Γmk s Γ
s n
p · v dy
where dx and dy = ∂ydx are the coordinate volumes of the Eulerian and La-
grangian coordinates, v :=
√
|gmn|, ∂y := |∂µy
m|, e = ∂y v. So, action SΓ is
obviously invariant under the transformations of the world (Eulerian) coordinates
xµ.
The tensor density of the energy-momentum of the gravitational field (44), by con-
dition (60), is given by
tµm = ∂px
µ(Dn · ps Γsnm − LΓδ
p
m).
In our case, second formula (26) is reduced to
Dns p = ∂y v (−Γpns· · + Γ
k {n
k · g
s}p − gnsΓ
[k p]
k ·)
therefore
tµm = ∂y ∂px
µ t¯pm (62)
where
t¯pm = v (−Γ
p
snΓ
s n
m · + Γ
k
k nΓ
{pn}
m · − Γ
[np]
n ·Γ
k
km − Γ
[k
k s Γ
|s|n]
n · δ
p
m). (63)
The induction of the gravitational field (26) in holonomic frames is specified as
follows
Bµσm = ∂y ∂px
µ∂sx
σB¯psm (64)
where
B¯psm = v (Γ
[p s]
m · − δ
p
m Γ
[n s]
n · + δ
s
m Γ
[np]
n ·). (65)
In relation to the transformations of Eulerian coordinates xµ, the energy-momentum
of the gravitational field, according to (62), is described by four vector densities
tσm, and the induction of the gravitational field given by formula (64) is described
by four antisymmetric tensor densities Bσµm , which correspond to four Lagrangian
coordinates ym. In the case of nonlinear transformations of Lagrangian coordinates
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ym
′
= ym
′
(y), both tσm and B
σµ
m are transformed by non-tensor laws specifying
formulas (45) for our case with Lm
′
m = ∂my
m′ .
In the case of identification of Lagrangian coordinates with Eulerian ones ym =
xm, tσm goes to the Einstein’s complex t¯
p
m of the energy-momentum of the gravita-
tional field, andBµσm to the Freud’s superpotential B¯
ps
m [22] (this fact was first noted
in [15]). In this case, the tensor properties of t¯pm and B¯
ps
m at the transformations of
the coordinates xm are violated precisely because of the identification ym = xm,
which rigidly links translations in space-time with the changes of reference frames.
Einstein’s equation in superpotential form ∂νB
µν
m = −t
µ
m − τ
µ
m (48) in holonomic
frames can be represented solely in Lagrangian coordinates by means of Freud’s
superpotential B¯psm and the Einstein’s complex t¯
p
m as follows
∂sB¯
ps
m = −t¯
p
m − τ¯
p
m (66)
where τ¯pm = ∂y−1 ∂µy
pτµm [22].
Taking into account the fact that Γss n =
1
2g
pk∂ngpk =
1
v
∂nv, as well as condition
(60), in holonomic reference frames the tensor density of the internal angular mo-
mentum (spin) of the gravitational field and its superpotential can be represented
as N νmn = −∂y∂[mx
ν∂n]v, Σ
· νσ
mn =
1
2∂y v δ
ν σ
mn.
Since holonomic reference frames are completely determined by the functions
ym = ym(x) which bind the Lagrangian and Eulerian coordinates, they can be
selected as independent field variables. The Lagrangian LΓ (61), like the complete
Lagrangian of the gravitational system L = LΓ+Lψ (where Lψ is the Lagrangian
of matter fields), does not depend on the functions ym(x) itself, but only on their
derivatives. Therefore, the fields ym(x) are cyclic coordinates of the system and
the equations of motion for them are reduced to the condition of preserving the
corresponding generalized momentum P σm = ∂∂σymL: ∂σP
σ
m = 0, which (up
to an overall sign) coincides with the tensor density of energy-momentum of the
gravitational system: P σm = −T
σ
m.
At the end of this subsection, we consider the transformation of gauge translations
along Lagrangian coordinates, which illustrates the significant physical difference
between Lagrangian and Eulerian coordinates.
Gauge translations along the Lagrangian coordinates δdy
m = dm form ordinary
gauge group Dg =
∑
x∈M
T ⊂ GLg and correspond to the transformations of the
frame fields with infinitesimal parameters lmn = ∂nd
m, therefore they are given by
the formulas
δdx
µ = 0, δdh
m
µ = ∂µd
m, δdgmn = −2gk{m∂n} d
k
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which follow from formulas (31) with lmn = ∂nd
m (compare with (42)). Invariance
with respect to such transformations leads to identity
δdΛ = −∂σ(C
µσ
m ∂µd
m +Σ µνσm ∂2µνd
m) = 0
which follows from identity (36) for lmn = ∂nd
m, where C µσm = M
µσ
m +
Σ nνσm ∂νh
µ
n. It follows that the current associated with Dg-transitions along the
Lagrangian coordinates, like the corresponding superpotential S µνm = C
µν
m +
∂σΣ
µνσ
m , is equal to zero.
5.2. General relativity in an orthonormal frame
The disadvantage of holonomic reference frames is their inevitable deformation
in the curve space during the transition between the reference frames with the in-
finitesimal strain tensor σmn = gs{m∂sδy
n}. Such a drawback is obviously absent
in general reference frames for which gmn = const, in particular in (pseudo)ortho-
normal reference frames, when gmn = ηmn. In this case σ
m
kn = 0, e = h :=
∣∣hmµ
∣∣
and the connection coefficients γmkn are reduced to the quantities Ω
m
kn = ω
m
kn,
which is Ricci rotation coefficients. When we consider only orthonormal reference
frames, the group GLg narrows to the group Og of gauge Lorentz transformations.
The symmetry group of GROF is SˆgM = O
g ×|T gM .
The Lagrangian of general relativity in an orthogonal frame and the corresponding
vector defining the surface term are written as [12], [5]
LΩ = Σ
nµν
m ΩmµsΩ
s
ν n = eΩ
[m
msΩ
|s|n]
n · , V
σ
Ω = Σ
nνσ
m Ω
m
ν n = eR
σ
whereRn = ∇σh
σ
n = F
s
s n is a vector that has an important geometric meaning and
determines the rate of change of the local coordinate volume along the directions
of basis vectors of the selected orthonormal frame. When writing these formulas,
equality Ωss n = Rn is taken into account.
The induction of the gravitational field in orthonormal reference frames is given by
Bµσm = e (Ω
µ σ
m · − h
µ
mR
σ + hσmR
µ). (67)
A distinctive feature of orthonormal reference frames is the fact that the connection
coefficients are uniquely determined by the induction of the gravitational field, that
is, formula (67) can be reversed. Indeed, from (67) follows Bnµn = −(d− 2)eRµ,
hence
eΩµ σm · = B
µσ
m − (h
µ
mBnσn − h
σ
mB
nµ
n )/(d− 2).
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The energy-momentum tensor density of gravitational field (44) in our case due to
Dnσs = 0 is determined by the expression [12], [5]
tµm = B
nµ
s F
s
nm − LΩh
µ
m. (68)
Einstein equation in GROF specifies equation (48)
∂σB
µσ
m = −t
µ
m − τ
µ
m
where Bµσm and t
µ
m are given by formulas (67) and (68) respectively. Note that in
this form Einstein equation is represented in TEGR [11].
The transformations of the deformed group SˆgHM = O
g ×|T gM under condition (57)
(which in our case is λmsn = Ω
m
sn) have the form
δgh
m
µ = ω
m
kh
k
µ −Dµt
m, δggmn = 0
and coincide (in the absence of torsion) with generalized Poincare gauge transfor-
mations [8], [9]. In this case, the energy-momentum of the gravitational field and
the corresponding superpotential (59) are given by
Jνm = t
ν
m + eDσΩ
ν σ
m · , S
νσ
m = −eδ
ν σ
mµR
µ.
The symmetry with respect toOg-transformations determine the gravitational field
spin, which current density and the corresponding superpotential are given by the
expressions N σmn =
e
2 (F
σ
mn − h
σ
mRn + h
σ
nRm), Σ
·σν
mn =
e
2 δ
σν
mn.
5.3. Dilaton gravity, unimodular gravity, and so on
The Weyl transformations
h¯m → hm = h¯m/φ (69)
form a subgroup W g of the group GLg with parameters Lm
′
m = φ δ
m′
m [4]. So
dilation gravity as a theory with Weyl symmetryW g is a special case of GRAF. In
this case ∆γmνn = −∂ν lnφδ
m
n , so ∆B
µν
m = 0, and formulas (45) for the energy-
momentum and suitable superpotential of gravitational field in DG give
tµm = (t¯
µ
m + ∂σ lnφ B¯
µσ
m )/φ, B
µσ
m = B¯
µσ
m /φ (70)
where t¯µm and B¯
µσ
m apply to the frame h¯m. In the case where h¯m = ∂m is the
coordinate frame of the Lagrangian coordinates ym, the relation (70) can be rep-
resented with the help of the Einstein energy-momentum complex t¯pm (63) and
Freud’s superpotential B¯psm (65) by substituting in formulas (70) t¯
µ
m → t¯
p
m, B¯
µσ
m →
B¯psm and entering the quantities t
µ
m → t
p
m = ∂y−1∂µy
ptµm and B
µσ
m → B
ps
m =
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∂y−1∂µy
p∂σy
sBµσm : the energy-momentum complex and the corresponding super-
potential of the gravitational field in DG in the Lagrangian coordinates ym. In their
terms, the gravitational field equation in DG takes the form ∂sB
ps
m = −t
p
m − τ
p
m,
where τpm = τ¯
p
m/φ.
The symmetry group of DG is S˜gM = C
g ×|T gM , where C
g = Hg ⊗W g.
The scalar field φ acts in DG as a finite parameter of dilation symmetry, so equation
of motion with respect to φ is fulfilled automatically by the Palatini equation.
Moreover, Noether current and corresponding superpotential linked to Weyl trans-
formations (69) are zero due to the equality to zero of the current J σ{mn} (40).
Unimodular gravity is a theory where the determinant of the metric is fixed [27].
As mentioned above (in the subsection 3.3), in the GRAF the metric gmn in the
affine frame hm can be considered as an arbitrary parameter of the theory (the
metric of the background vacuum space), and therefore its determinant can be ar-
bitrarily selected. In the case of a holonomic frame, that is, in EG, this limits
the choice of Lagrangian coordinates by narrowing the EG symmetry subgroup
Hg, associated with transitions between reference frames, to the group SDiff
of volume-preserving, or ’special’ diffeomorphisms. It should be noted that the
choice of Eulerian coordinates remains free, in particular, they can be dimension-
less.
The symmetry group of UG is S¯vgM = SDiff ×|T
g
M .
The gravitational field equations in UG in Lagrangian coordinates can be repre-
sented in the same form (66) as in EG, where we should fixed v in expressions
for the energy-momentum of the gravitational field t¯pm (63) and superpotential B¯
ps
m
(65).
Narrowing down GLg-symmetry of GRAF to its other subgroups (classes of al-
lowed affine frames), we can obtain other locally equivalent variants of GR.
6. Discussion and Conclusions
In this work, the method of deformations of generalized gauge groups is applied to
the study of GR symmetry. It is shown that all quantities which are conserved due
to the invariance of the physical theories with respect to generalized gauge groups
are quasilocal, that is, they have superpotentials.
GR is formulated in generalized reference frames, which are represented by (an-
holonomic in the general case) affine frame fields. The general principle of rel-
ativity is extended to the requirement of invariance of the theory with respect to
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transitions between generalized reference frames, that is, with respect to the group
GLg of local linear transformations of affine frame fields.
GR is interpreted as the gauge theory of the gauge group of translations, and there-
fore is invariant under the space-time diffeomorphisms.
The consequence of the GLg-invariance of the general relativity in an affine frame
is the Palatini equation, which in the absence of torsion goes into the metricity
condition, and vice versa, that is, is fulfilled identically in the Riemannian space.
The consequence of the T gM -invariance of GRAF is representation of the Einstein
equation in superpotential form, that is, in the form of dynamic Maxwell equations
(or Young-Mills equations).
At gauge translations, the energy-momentum of the gravitational field is trans-
formed by the tensor law, and at transitions between relatively accelerated gen-
eralized reference frames - by the non-tensor law, which corresponds to the need
to attract additional energy-momentum to provide such transitions. The groups
GLg and T gM are united into group S
g
M = GL
g ×|T gM , which is their semidirect
product and is the complete symmetry group of GRAF. Deformation of the group
SgM → S
gH
M leads to renormalisation of energy-momentum of the gravitational
field. Among the groups SgHM there is one DP - the group of parallel transports
in the Riemannian space, action of which is agreed with the space geometrical
structure. The energy-momentum of the gravitational field for DP is localizable.
Limiting the admissible generalized reference frames by imposing GLg-gauge
conditions on field variables of GRAF leads to various locally equivalent for-
mulations of GR, such as EG, GROF or TEGR, DG, UG, and others. However,
these theories can significantly be different by global solutions. So in [7] was sug-
gested that "just like a conformally invariant theory of matter is insensitive to the
cosmological singularity, a GLg-invariant field theory will be insensitive to any
singularity". This hope is based on a sufficiently broad gauge symmetry of such
theory, which can provide the possibility of finding generalized reference frames
in which singularities will be absent, just as singularity on the event horizon in the
Schwarzschild solution disappears in the free-falling holonomic reference frame.
The choice of appropriate generalized d-dimensional reference frames in the frame-
work of group-theory approach to unification of gravity with internal symmetry
gauge interactions [24], [25] gives hope for getting rid of singularities in other
theories of gauge interactions, too.
We are planning to consider the physical arguments regarding the choice of gener-
alized reference frames in the future.
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